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Abstract 

Rotor-bearing systems often exhibit nonlinear behavior due to hydrodynamic effects and external forces. Finite 
element methods based on linear analysis are commonly used for rotor dynamic analyses, where nonlinear 
bearing/damping forces are linearized into equivalent stiffness and damping coefficients. However, this method may 
not accurately describe strongly nonlinear systems. Engineers use transient analysis and nonlinear models to improve 
rotor behavior analysis. This study investigates the effects of transient-thermal bending and vibration on a high-pressure 
steam turbine rotor using the finite element method. A scaled rotor-shaft was used to study thermal bending and 
vibrations caused by steam heat. The design of the shaft was based on an existing power station high-pressure turbine 
rotor. Numerical modal analyses were performed using ANSYS software to obtain a partial level of integrity between 
the numerical model and the analytical model. Natural frequencies were compared between the experimental, numerical, 
and analytical results, which showed good correlations. 
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1. Introduction 

Rotating machinery such as turbines and compressors, 
is critical equipment in power generation and 
petrochemical plants. Thermal loading owing to high 
steam temperatures on steam turbine rotor shafts can 
cause the rotor to bend, leading to steam turbine rotor 
vibrations and subsequently, plant shutdown, as 
significant heat exchange occurs between the steam and 
turbine rotors during the start-up process. Even more 
intensive heat exchange occurs during the condensation 
phase in the cold start-up mode, which leads to further 
thermal stresses and lifetime reduction [1] according to 
Sátor et al. Therefore, the accuracy of lifetime prediction 
is strongly affected and dependent on the accuracy of the 
transient thermal state, allowing engineers to design more 
efficient and reliable systems.  

Some relevant studies under transient analysis are 
covered in the references [2-9]. In this study, transient 

analysis of the thermal bending and vibration of steam 
turbine rotors was explored using finite element analysis 
(FEA) simulation with analytical validation. The most 
common causes of rotor vibration include weight 
imbalance, bearing misalignment, resonance, bearing 
malfunction, and unbalanced electromagnetic forces in 
the generator, because excessive rotor vibration can cause 
rubbing and impact damage to components such as 
turbine seals. High-speed turbines are a major source for 
power production utilizing high pressure and temperature 
fluid flow. By considering the transient behavior of 
thermal bending in steam turbine rotor-shafts, engineers 
can optimize the design and operation of these critical 
components, leading to improved efficiency and 
reliability of power generation systems. The design of the 
rotor itself can also play a role in its response to thermal 
loads. For example, the use of cooling channels within the 
rotor can help to mitigate temperature gradients and 
reduce thermal stresses, as noted by Chatterton et. Al. [10].  
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This study aims to gain insight into finite element 
analysis and analytical methods by comparing the output 
of a computer model with analytical data. The study uses 
Finite Element Analysis (FEA) to estimate the effects of 
transient thermal and vibration spectra on a turbine rotor-
shaft, with the goal of making recommendations for the 
design and operation of the rotor. To accomplish this, a 
typical turbine rotor-shaft was modeled using ANSYS 
Workbench to perform a transient analysis of thermal 
bending. Transient thermal stresses and deformations are 
investigated, and the results provide insights into the 
structural integrity and fatigue life of the rotor under 
varying thermal conditions. By investigating the transient 
behavior of rotors under varying thermal conditions, we 
concluded that the transient analysis of thermal bending 
and vibration of steam turbine rotors is an area of critical 
research and engineering interest. Accurate prediction and 
understanding of the rotor's transient behavior contribute 
to optimizing turbine design, enhancing performance, and 
ensuring safe and reliable operation. Through the 
incorporation of advanced computational techniques and 
consideration of various operating parameters, 
researchers and engineers can continue to advance our 
knowledge and develop effective strategies to mitigate 
challenges associated with thermal bending and vibration 
in steam turbine rotors. Some relevant studies pertaining 
to rotor’s transient analysis behavior with turbine design 
are cited in the references [11-13]. 

 

2. Methodology 

The simulation was achieved based on transient 
thermal bending and rotor vibration using the commercial 
software ANSYS. We implemented Finite Element 
Method (FEM) software to research the transient thermal 
bending and rotor vibration. We performed variations for 
temperature and rotational speed of the rotor shaft. 
Numerical techniques in the form of FEA simulation and 
analytical techniques for validation were used in this 
study. This was achieved by developing a numerical 
model for the transient analysis of rotor vibration and 
thermal bending of the HP turbine.  

Modal analysis techniques, such as the finite element 
method and analytical approaches, are employed to 
determine the system's dynamic characteristics. Coupled 
analysis was employed, whereby transient-thermal 
analysis was combined with transient-structural analysis 
to account for the interaction between temperature 

distribution and resulting rotor deformations, which is 
achieved through a coupled analysis, where the transient-
thermal results were used as input for the transient-
structural analysis. The process is typically iterative, with 
information being exchanged between the thermal and 
structural solvers until convergence is achieved. 

 

2.1. Mesh convergence study 

In this study, a variety of mesh sizes were used in the 
simulation to check mesh convergence. Each mesh 
density was plotted against the rotor surface temperature 
results, and it reached a critical point when the solutions 
approach the optimum mesh density. However, Figure 1 
below shows the rotor-shaft mesh used in ANSYS 
simulations. A detailed drawing of the rotor-shaft under 
study is shown in the appendix A. 

 

 
Figure 1. Structured mesh of the rotor-shaft 

The rotor-shaft simulation model meshed with 
structural mesh elements, to be specific tetrahedral 
elements, also known as solid/brick elements. These mesh 
elements were chosen due to their solution accuracy, 
better mesh convergence, flexibility, increased 
adaptability, improved simulation speed, and reduced 
mesh generation effort over hexahedral mesh elements.  

In finite element analysis (FEA) convergence means 
arriving at the true solution of the partial differential 
equations (PDEs) as the geometry, or spatial domain, is 
meshed more finely. A mesh convergence plot is shown 
in Figure 2. The mesh size for a given solution is found 
where it does not change further, and all subsequent 
simulations are based on this. 
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Figure 2. Mesh convergence illustration (source: k-epsilon 

turbulence model). 

 

To ensure good convergence, 2000 iterations were 
used, and the convergence was monitored for a change in 
the solution during the solution iteration. The rotor-shaft 
maximum temperature shows no changes in any of the 
convergence monitoring values, thus, it shows the 
simulation had reached convergence. The turning point in 
the plot for a mesh with 209 727 elements determined the 
choice of k-epsilon turbulence model, so the simulations 
were conducted using this mesh. Figure 3 illustrates the k-
epsilon turbulence model convergence residuals. 

 

 
Figure 3. Illustration of k-epsilon turbulence model 

convergence residuals. 

 

Tetrahedral elements are used because they fit 
arbitrary shaped geometries very well with their simple 
computations. Different meshes are developed with 
different body, face, edge sizing controlled in ANSYS 
workbench. Moreover, the results of an FEA model must 
be independent of mesh size, as the convergence study 
ensures the FEA model captures the system’s behavior, 
while reducing solve time. 

2.2. Boundary conditions 

   The rotor-shaft model rotates with respect to the 
global cartesian X-axis. With respect to the X-axis, we 
apply angular velocity and use a degree of freedoms along 
UX, UZ, ROTY, ROTZ at bearing ends. In areas where 
bearing supports will be used, the operator inputs different 
angular velocities and measures the corresponding 
accelerations at both the drive end and non-drive end. 
Fixed supports will be applied on the rotor shaft, a 
rotational speed of 3 000 revolutions per minute was 
applied to the shaft of the rotor, and the picture below 
demonstrates the boundary conditions. 

 
Figure 4. Boundary Conditions 

 

3. Numerical modal analysis setup and results 

ANSYS Mechanical workbench 2021 was used for the 
numerical simulation of natural frequencies. Free-free 
boundary conditions were used in the simulation, and 
structural steel was the material of choice. In this analysis, 
no rotation was activated, meaning that centrifugal forces 
were not present on the modal analysis simulation. Hence, 
the Coriolis effect was not considered, and no damping 
setting was activated for the analysis. The mode shape 
results of mode eight are shown in Figure 5, and Table 1 
shows the natural frequency results. The appendix section 
under appendix B contains the mode shapes for the rest of 
the modes.  

 

 

Figure 5. Mode shape eight results. 
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Table 1. Simulation results of Eigen frequencies. 

 

3.1. Analytical modal analysis and solutions 

Analytical solutions are also available for stationary 
and transient cases of cylinders and collars (extended 
surfaces) under the conditions of radiation and convection 
board, if the thermal conductivity is constant and isotropic 
by Smith et al. In cases where the conductivity is 
anisotropic and a strong function of temperature, or the 
material is not homogeneous, an exact solution does not 
exist. The tested shaft in this work can be considered as a 
horizontal slender cylindrical beam with uniformly 
distributed mass, subjected to forces applied 
perpendicularly to the axis of the shaft. The Bernoulli-
Euler-Timoshenko beam theory supposed that any plane 
cross-section of slender beams remains plane and normal 
to the longitudinal axis during small bending. This 
assumption simplifies the solution of the equation of 
motion to extract the natural frequencies and mode shapes 
of the rotor-shaft under study. Depending on the theory 
mentioned above and applying free-free boundary 
conditions in the modal solution of the equation of 
motion, provides the natural frequencies equation below. 

ƒ௜ =  
𝜆ଵ

ଶ

2𝜋𝐿ଶ
ඨ

𝐸𝐼௭

𝑚
 , 𝐻௭  , 𝑖 = 1,2,3 … . 𝑛 (1) 

where 𝐸, 𝐼௭ and 𝑚 are, modulus of elasticity, area 
moment of inertia of cross section about z-axis through 
the centroid, and mass per unit length, respectively. 
However, for the analytical extraction of mode shapes, 
according to the Bernoulli-Euler-Timoshenko beam 
theory mentioned above, the solution of the equation of 
motion below extracts the mode shapes under study. A 
structural steel solid shaft body of 600 mm in length and 
35 mm in diameter is taken as a case study. Material 
properties of the shaft are mass density is 7850 kg/m3, 
modulus of elasticity is 200 MPa, and Poisson’s ratio is 
0.3. 
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(2) 

where 𝑥 and 𝑌𝑖 ෪ are axial coordinate and lateral 
displacement, respectively. Natural frequencies, and 
Mode shapes will be examined by comparing the results 
of the dynamic analytical, and numerical simulation. 
However, the rotor dynamic analytical solution is used for 
the validation of the rotor-shaft model built in this study, 
and Table 2 shows the analytical eigenvalues results 
extracted using equation one above. 

 

Table 2. The values of the dynamic analytical results. 

 

3.2. Rotor vibration 

Turbomachinery requires a higher level of vibration 
analysis than general purpose machinery. This includes 
identifying natural frequencies or modes of a system to 
determine if a potential resonance occurs. The complexity 
of turbomachinery requires this higher level of vibration 
analysis, which includes understanding the importance of 
transient data. A rotor may tend to vibrate in any direction, 
and the vibration falls under any one of the following 
types: Lateral rotor vibration, Torsional rotor vibration 
and Axial rotor vibration. This work is focused only on 
lateral rotor vibrations, as the natural frequencies of lateral 
vibration are influenced by rotating speed. The rotating 
machines can become unstable because of lateral 
vibration. Hence, the overwhelming number of rotor 
dynamic analysis and designs are mostly related with 
lateral vibrations, which can cause dynamic bending to the 
shaft in two mutually perpendicular lateral planes. 
Moreover, the problem of vibration generally originated 
when rotors in the turbines bend. This bending often 
occurs during some of the turbine’s operational 
evolutions, leading to vibration or even system failure 

Eigen frequency (Hz) Mode 

295 
762 

1790 
3169 
4439 
5470 
6928 
9604 

01 
02 
03 
04 
05 
06 
07 
08 

Analytical Eigenvalues 
results (Hz) 

Mode 

273 01 
754 02 

1728 03 
2991 04 
4128 05 
5194 06 
6935 07 
9302 08 
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down the line. However, the resulting vibration is not the 
problem itself, but a symptom of system-wide flaws. In 
fact, rotor bending is one of the most serious problems that 
power plants face, as they can limit generation and cause 
the plant to spend more money and time on operation and 
maintenance costs. These excessive vibrations associated 
with the critical speed may lead to permanent deformation 
of the shaft. Furthermore, it can also lead to large shaft 
deflections at the critical speed, including large bearing 
reactions and may be subjected to bearing failure. 

 

4. Results and discussions 

According to the natural frequency comparison 
indicated in Table 3, it was found that the maximum 
percentage difference was 7%, and the minimum 
percentage difference was 0.02%. An excellent 
correlation can be observed between experimental results 
and numerical results, between analytical results and 
experimental results, and between numerical results and 
analytical results as well. 

 

Table 3. Natural Frequency comparison table. 

 

Figure 6 shows a good reflection on the statement 
mentioned regarding excellent correlation and the 
maximum and minimum percentage differences which 
were found to be slightly closer to each other.  

 

4.1. Transient thermal analysis and results 

Below are the transient thermal analysis results 
showing temperature changes with respect to time and 
heat flux in the system. Transient-thermal analysis was 
linked to transient-structural analysis to determine the 
transient-structural deformation caused by temperature 

distribution and instantaneous thermal stresses induced 
under transient conditions. The transient analysis was run 
for a period of 30000 seconds. It was found that the 
temperature distribution does not change anymore at 
30000 seconds, hence; the problem has reached steady-
state conditions that are governed by Fourier’s law. For 
example, in Figure 7, it is evident that the heat flux profile 
stabilizes at 30000 seconds. 

 

 

   Figure 6. Eigenvalues comparison graph. 

 

 
Figure 7. Heat flux profile stabilizes according to Fourier’s 

law. 

However, transient-thermal analysis was linked to 
transient-structural analysis to determine the transient-
structural deformation caused by temperature distribution 
and instantaneous thermal stresses induced under 
transient conditions. Figures 8 to 12 below show the 

simulation results in Ansys workbench. 
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Figure 8. Temperature distribution result in Ansys APDL. 

 

 
Figure 9. Heat flux result in Ansys APDL. 

 

 
Figure 10. Total transient-thermal to transient-structural 

deformation result. 

 

 
Figure 11. Transient-thermal to transient-structural directional 

deformation result. 

 
Figure 12. Transient-thermal to transient-structural stress 

result. 

 

4.2. Analytical solution of thermal moments 

When seeking the exact steady solution, we can set the 
unsteady term of heat conduction Equation 3 on the (right-
hand side) to zero. Therefore, the differential equation 
which governs the steady conduction of heat across a two-
dimensional solid (or fluid) in cylindrical coordinates, 
considering there is no angular variation, with z and r are 
the only spatial coordinates is: 

1

𝑟

𝜕

𝜕𝑟
〈𝑟

𝜕𝑇

𝜕𝑟
〉 +

𝜕ଶ𝑇

𝜕𝑧ଶ +
𝑊௜

𝐾
= 0 (3) 

where the body is assumed to be homogeneous, 𝐾 is 
the material conductivity and 𝑊௜ is the constant and 
uniformly distributed internal heat generation. To make 
the boundary conditions homogeneous, θ is defined as the 
spatial temperature distribution referred to the known 
ambient temperature T∞. And only half of the rotor length 
is considered since the problem is symmetrical in the axial 
position z about z=L. In other words, the origin is replaced 
in the center of the rotor model and imposed an adiabatic 
condition at z=0. However, the expressions for T (r, z) 
from the analytical thermal analysis equation 4 below may 
as well be inserted into a palmar calculator that has 
“math” solvers. Hence, evaluating the integration of θ1 in 
the numerator and introducing the result the unknown 
values of Cn expansion coefficient is expressed as: 
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ଶ(𝛼௡𝑎)

 
(4) 

Then the result of the temperature distribution for the 
rotor-shaft is obtained as: 

𝑇 − 𝑇ஶ = 𝜃 =
𝑊௜𝑎ଶ
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Since the analytical solution is the summation of an 
infinite series, only a finite number of terms are 
considered while obtaining the analytical solution after 
checking the effect of the number of terms on the result. 
In other words, the equations are evaluated until the 
change in the temperature is less than the desired 
tolerance. And it is found that the solution converges with 
more than 5 terms, and it does not change appreciably 
when an additional number of terms is used. The results 
are obtained in terms of a series expansion solution 
involving Bessel functions based on the principle of 
superposition and separation of variables, and comparison 
between the analytical results and the numerical results 
obtained through FEA package, ANSYS™ which is 
stated below. The comparison shows that they are in 
excellent agreement. The analytical solution is useful, as 
it can be achieved with basic math solvers and handheld 
calculators. It can also be used to confirm numerical 
schemes or compare with experimental data. The 
representation of these analytical results is given in the 
following figures.  

 

 
       Figure 13. 2D plots of θ in MATLAB. 

 

Firstly, θ is plotted within MATLAB™ as shown in 
Figure 13 and Figure 14 below, to visualize how their 
summation together with ambient temperature form the 
result of the temperature distribution. In Figure 14, the 
3D-view of T (r, z) together with its surface-map onto 
base is a good qualitative overview of the full space 
temperature distribution for the analytical rotor-shaft 
model. However, the Analytical solutions of rotating 
cartesian coordinates can be found in the appendix 
section, under appendix C. 

 

 
Figure 14. 3D plot in MATLAB of the analytical temperature 
distribution as a function of distance in r-direction (m) and in 

z-direction (m) in a rotor-shaft model. 

 

5. Comparison results of the analytical 
method and the numerical method. 

The temperature profiles get closer between these 
solutions in the r or z directions. The results are obtained 
in terms of a series of expansion solutions involving 
Bessel functions based on the principle of superposition 
and separation of variables and superposition only in three 
variables. The eigenvalues required by the series 
expansion are solved by root-solving methods making use 
of both the orthogonality of the Bessel functions and 
homogeneous boundary conditions. Figure 15 illustrates 
temperature variation between analytical and numerical 
results in the r-direction. Figure 16 illustrates temperature 
variation between analytical and FEM results in the z-
direction. 

 

 
Figure 15. Comparison of temperature variation between 

analytical and FEM results through r–direction. 
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Figure 16. Comparison of temperature variation between 

analytical and FEM results through z–direction. 

 

6. Conclusion 

The analytical solution can be used to obtain an 
accurate temperature distribution in any location of the 
object as an alternative to a large population of 
temperature values in grid points. Also, we present the 
results by comparing and discussing the analytical modal 
analysis, and analytical transient thermal analysis. A 
comparison between numerical and experimental 
analyses is provided using graph plots, which we discuss 
in detail. In addition, we draw the following conclusions 
based on our findings: 

 A thermal analytical model is proposed, which 
validates our numerical simulations, this model 
allows us to quantify the duration of temperature 
transient effects. 

 The axial location, where the asymmetric temperature 
distributions occur, matters in evaluating thermal 
vibrations. It is found that the thermal vibrations are 
strengthened when significant temperature gradients 
occur in the cross-sections exhibiting higher 
vibrations in operation. 

 The thermal vibration is influenced by many factors 
including the shaft size, rotational speeds, heating 
locations, critical speed, etc. For rotors with different 
structures, it is not suitable to compare the thermal 
responses directly due to the dependence of the 
sensitive operational conditions on the shaft size. 

 The higher the thermal convection coefficient H is, 
the lower the thermal vibration will be induced. And 

a similar trend was found for the heat conductivity k 
of rotor material. However, because k influences the 
thermal vibration from more aspects, the descending 
ratio of the amplitudes with the increase of k differs 
from that of H for thermal vibrations. 
 

Nomenclature 

APDL 
ANSYS 
BCs 
CAD 
CAE 
CFD 
CHT 
DOF  
EMA  
FEA  
FEM  
FFT 
FRF 
HP 
PDEs 
TGs 

Ansys parametric design language  
Analysis system 
Boundary conditions 
Computer-aided design 
Computer-aided engineering 
Computational fluid dynamics 
Conjugate heat transfer 
Degree of freedom 
Experimental modal analysis 
Finite element analysis 
Finite element method 
Fast Fourier transform 
Frequency response function 
High pressure 
Partial differential equations 
Temperature gradients 
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Appendix A 
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Appendix B  
 

 

Mode 0                                                             Mode 1 

 

Mode 2                                                             Mode 3 

 

Mode 4                                                              Mode 5 

 

Mode 6                                                              Mode 7 
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Mode 9 

 

Mode 10                                                          Mode 11 

 

Mode 12 
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Appendix C 
 

In the rotating Cartesian coordinates, the strain 
resulted from the thermal expansion is thus obtained as, 

𝜀௫்(𝜉, 𝑛, 𝑧, 𝑡) = 𝜀௬்(𝜉, 𝑛, 𝑧, 𝑡) = 𝜀௭்(𝜉, 𝑛, 𝑧, 𝑡) =

𝛼. ∆𝑇(𝜉, 𝑛, 𝑧, 𝑡)                                                                                                                                                                                            

(Eq. A1) 

where α is the linear thermal expansion coefficient. 
With the existence of thermal strain, the axial stress due 
to the elastic strain only is expressed as Eq. (A.2) 

𝜎௭(𝜉, 𝑛, 𝑧, 𝑡) = 𝐸 ቆ𝜀௭(𝜉, 𝑛, 𝑧, 𝑡) −
1

1 − 2𝑣
𝜀௭்(𝜉, 𝑛, 𝑧, 𝑡)ቇ 

                                                                                                                                             
(Eq. A2) 

where υ is the Poisson ratio and εz is the total strain. 
The components of εz due to the deformations in ξ and η 
directions equal to 

𝜀௭క (𝜉, 𝑛, 𝑧, 𝑡) = −𝜉(𝜉, 𝑛, 𝑧, 𝑡)
ௗమ௫഍(௭,௧)

ௗ௭మ        

 𝜀௭௡(𝜉, 𝑛, 𝑧, 𝑡) = −𝑛(𝜉, 𝑛, 𝑧, 𝑡)  
𝑑ଶ𝑦௡(𝑧, 𝑡)

𝑑𝑧ଶ
 

(Eq. A3)   

where xξ(z,t) is the deformations along axis ξ and 
yη(z,t) along axis η. Furthermore, the axial thermal stress 
according to the thermal strain is: 

𝜎௭்(𝜉, 𝑛, 𝑧, 𝑡) =
𝐸

1 − 2𝑣
𝜀௭்(𝜉, 𝑛, 𝑧, 𝑡)              

=
𝐸𝛼

1 − 2𝑣
∆𝑇(𝜉, 𝑛, 𝑧, 𝑡) 

(Eq. A4) 

As a result, the axial stress components due to xξ(z,t) 
and yη(z, t) is ultimately obtained as Eq. (A.5) by 
substituting Eq. (A.3) into Eq. (A.2).                                                        

𝜎௭క(𝜉, 𝑛, 𝑧, 𝑡) = −𝐸. 𝜉(𝜉, 𝑛, 𝑧, 𝑡)
ௗమ௫഍(௭,௧)

ௗ௭మ − 𝜎௭்  

 𝜎௭௡(𝜉, 𝑛, 𝑧, 𝑡) = −𝐸. 𝑛(𝜉, 𝑛, 𝑧, 𝑡) 
ௗమ௬೙(௭,௧)

ௗ௭మ − 𝜎௭்  

                                                                                                                                                  

(Eq. A5) 

During the vibration, the stress-related bending 
moments about axis of ξ and η equal to the integral of Eq. 
(A.5) over the cross-section area, as follows: 

𝑀క(𝑧, 𝑡) = ʃ஺𝑧𝑛(𝜉, 𝑛, 𝑧, 𝑡)𝑛(𝜉, 𝑛, 𝑧, 𝑡)𝑑𝜉𝑑𝑛

= −𝐸𝐼క

𝑑ଶ𝑦௡(𝑧, 𝑡)

𝑑𝑧ଶ
− 𝑀்క(𝑧, 𝑡) 

 

             𝑀௡(𝑧, 𝑡) = ʃ஺𝑧𝜉(𝜉, 𝑛, 𝑧, 𝑡)𝜉(𝜉, 𝑛, 𝑧, 𝑡)𝑑𝜉𝑑𝑛

= −𝐸𝐼௡

𝑑ଶ𝑦௡(𝑧, 𝑡)

𝑑𝑧ଶ
− 𝑀்௡(𝑧, 𝑡) 

                                              (Eq. A6)                                                                                            

where MTξ(z,t) and MTη(z,t) are the equivalent 
thermal moment components with respect to the axis ξ and 
η as shown in Eq. (A.6). Because the temperature is 
solved in the cylindrical coordinates, for simplicity of 
analysis, the calculation of thermal moments here should 
be performed in the same coordinate system as well, there 
follows: 

𝑀்క(𝑡 − 𝑡௡௥)𝐼௭ = 𝑧଴ = න 𝐴ఙ𝑧𝑇(𝑟, 𝜃, 𝑧, 𝑡)𝑟ଶ 𝑠𝑖𝑛𝜃 𝑑𝑟 𝑑𝜃 

𝑀்௡(𝑡 − 𝑡௡௥)𝐼௭ = 𝑧଴ = න 𝐴ఙ𝑧𝑇(𝑟, 𝜃, 𝑧, 𝑡)𝑟ଶ 𝑐𝑜𝑠𝜃 𝑑𝑟 𝑑𝜃 

 (Eq. A7)  

It should be noted that a constant thermal stress, which 
exists only in the even temperature for an isotropic 
material, will lead to zero thermal moments, as implied by 
Eq. (A.7).     It should be noted that a constant thermal 
stress, which exists only in the even temperature for an 
isotropic material, will lead to zero thermal moments, as 
implied by Eq. (A.7). This fact demonstrates the reliability 
of the equivalent-thermal-moment model in investigating 
how TGs influence the rotor vibrations. By derivation of 
the moments with respect to the axial coordinate, the 
shearing force components are finally expressed as 
functions of the deformations and equivalent thermal 
moments, shown as: 

𝑃క =
𝑑𝑀௡

𝑑𝑧
= −𝐸𝐼௡

𝑑ଷ𝑋క

𝑑𝑧ଷ
−

𝑑𝑀்௡

𝑑𝑧
 

𝑃௡ =
𝑑𝑀క

𝑑𝑧
= −𝐸𝐼క

𝑑ଷ𝑌௡

𝑑𝑧ଷ
−

𝑑𝑀்క

𝑑𝑧
 

(Eq. A8)   

 

 


